Abstract. In a conference on fixed point theory, B. Halpern of Indiana University considered the problem of reducing the number of periodic points of a map by homotopy. He also asked whether the number of periodic points of a function could be increased by a homotopy. In this paper, we will show that for any map on a closed manifold, an arbitrarily small perturbation can always create infinitely many periodic points of arbitrarily high periods.
The main results
Let X be a topological space and f : X → X a continuous map. A point x ∈ X is said to be a periodic point of period p if f p (x) = x but f k (x) = x for each positive integer k < p. In a conference on fixed point theory in Bloomington, Indiana in 1980, B. Halpern considered the problem of reducing the number of periodic points of a continuous function of a closed manifold by homotopy [2] . He also raised the problem as how to increase the number of periodic points of such a map by homotopy. We will study this problem in the present paper. We first consider the case for the identity map on a manifold. We will show that for an arbitrary manifold of dimension greater than 1, an arbitrarily small local perturbation of the identity map by a homotopy may generate uncountably many periodic points of period p for each positive integer p. Specifically, we have the following. (1) g agrees with the identity map id of M on the set M − U ; (2) g is homotopic to id under a homotopy that is pointwise fixed on M − U ; and (3) for each positive integer n, the map g has a periodic point of period n. If dim(M ) > 1, we may find a map g : M → M satisfying (1) and (2) above and possessing uncountably many periodic points for each period n.
If the identity map of M is replaced by an arbitrary map f of M into M , can we still generate a large number of periodic points by a small perturbation of f ? The answer is clearly no if we do not impose any restriction on the manifold M . Consider the real valued function f on the real line defined as the translation f (x) = x + 1. Any map g on the real line sufficiently close to f (in the Whitney C 0 topology, say) will not have any periodic point either. But if M is compact, the situation is quite different. (
) the map g is homotopic to f under an -homotopy, i.e., a homotopy that will not move any point a distance more than ; and (3) for each positive integer n, the map g has infinitely many periodic points of periods greater than n (again, the word "infinitely many" may be replaced by "uncountably many" if dim(M ) > 1).
In a private communication, Professor Halpern showed me a way of modifying a map by homotopy to create a large number of periodic points by means of the Tietze extension theorem and the homotopy extension theorem. However, unlike our results of making small perturbations, his construction requires global changes of the given map. The proofs of our two theorems are based on ideas developed in studying the dynamical properties of maps of the real line ( [1] , [3] , [4] , [6] , and [8] ). These ideas will be described in Section 2. The proofs of the theorems will be given in Section 3.
Preliminaries on interval digraphs
Let {I 1 , I 2 , · · · , I k } be a finite collection of compact intervals of the real line R such that the interiors of I 1 , I 2 , · · · , I k are pointwise disjoint. Let f : R → R be a continuous function. We may define a digraph (i.e., a directed graph) associated with f and the intervals {I 1 , I 2 , · · · , I k } as follows. The digraph has a vertex for each interval I i (again denoted by I i ), and a directed arc is drawn from the vertex I i to the vertex I j if and only if f (I i ) ⊃ I j . A cycle in this digraph is a sequence of directed arcs such that the terminal point of each arc coincides with the initial point of the next arc, and the terminal point of the last arc coincides with the initial point of the first arc. Using the digraphs, we may predict the existence of periodic points of f by means of the following lemma (cf. [8] , pp. 7-8).
intervals of the real line R, and let f be a continuous function of R. If the associated digraph contains a cycle
Using this lemma, we now show that an arbitrary perturbation of the identity map of the real line may yield a map with many periodic points.
Lemma 2.2.
For any point x 0 ∈ R and > 0, there exists a continuous map e : R → R such that:
(1) e agrees with the identity map id for all x / ∈ (x 0 − , x 0 + ); (2) |e(x) − x| < ; and (3) for each positive integer k, the map e has a periodic point of period k.
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Proof. Let x 0 in R and > 0 be given. Choose x 1 and x 2 such that x 0 − 2 < x 1 < x 0 < x 2 < x 0 + 2 Then, choose a map e : R → R with the following properties:
(1) e(x) = x for all x ≤ x 0 − and for all x ≥ x 2 , and (2) e(x 0 ) = x 1 and e(x 1 ) = x 2 such that e does not move any point by a distance more than . We contend that e has periodic points of all periods. Clearly, e has many fixed points. To see that e has periodic points of all the periods greater than 1, let I 1 and I 2 be the intervals [x 1 , x 0 ] and [x 0 , x 2 ], respectively. From the definition of e, it is easily seen that the associated digraph for e contains a directed arc from I 1 to I 2 , a directed arc from I 2 to I 1 , and a loop at each of the vertices I 1 and I 2 :
Now, for any k ≥ 2, consider the k-cycle obtained by tracing the graph from the vertex I 1 to I 2 and back to I 1 and followed by tracing the loop at I 1 for k − 2 times. This cycle produces a point p ∈ I 1 with f k (p) = p as described by 2.1. We now show that p is indeed of period k, i.e., p is not of a lower period than k. First observe that p and each of its images always lie in the interior of either I 1 or I 2 . Since the interior of I 1 and I 2 are disjoint, if p is of a lower period, the k-cycle will have to be a repetition of a single shorter unit. But the k-cycle described above is not such a repetition. This proves the lemma. Proof. Let S n (0; r) be the n-dimensional sphere of radius r centered at the origin of R n+1 . Applying the technique of 2.2 to a small interval of the circle S 1 (0; r), we may get a map g : S 1 (0; r) → S 1 (0; r) which does not move any point of the circle by a distance more than and which possesses periodic points of all the possible periods. Taking successive suspensions of both g and the space, we can get a similar map h : S n−1 (0; r) → S n−1 (0; r). Now, a radial extension e(tx) = t · h(x) for all x ∈ S n−1 (0; r) and 0 ≤ t ≤ 1 produces a desired map e. We may now use G to get a map g : M → M by letting W = φ −1 (B(0; 2t)) and
The map g satisfies the conclusions of our Theorem 1.1. We may now modify our function f into a map F : M → M as follows: (2) . Since the sets U i , i = 1, 2, · · · , m, are pairwise disjoint, F is a well defined continuous map. It is clearly homotopic to f by a homotopy which does not move any point to a distance more than δ. Furthermore, for any point 
